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In this paper we consider that dark energy could be described solely by a complex scalar field
with a Bose-Einstein condensate-like potential, that is, with a self-interaction and a mass term. We
analyse a particular solution which in a fast oscillation regime at late times behaves as a cosmological
constant. First, we will show that this proposal adequately describes the standard homogeneous
Fridman dynamics. However, we show that the precision cosmological test using current surveys
show that the equation of state (EoS) w of such model, which depends on a single parameter, fails
to adequately describe a dynamical dark energy since the analysis in fact constrains the scalar field
parameters within values ruled out by the theoretical model.
PACS numbers: 98.80.-k, 95.36.+x, 95.35.+d, 98.80.Es
I. INTRODUCTION
The inclusion of the dark components of the Universe
in Einstein equations gives a consistent description of the
current observed dynamics at a large scale [1–3]. This
components are known as dark energy and, at a galactic
level [4–8], dark matter. The nature of such dark compo-
nents remains unknown. Dark energy, although in first
order is modelled as repulsive gravitational term, such as
the Cosmological Constant Λ , certain observations have
shown some tensions in the Hubble flow in the standard
ΛCDM model [9], so that it seems that is not sufficient to
describe the dark energy with a constant term; it is thus
proposed to be modelled by different types of matter such
that the relation between the spatial components of the
corresponding stress energy tensor, to the temporal one,
be consistent with the observed dynamics; that is, us-
ing an analogy with fluid dynamics, an equation of state
T ii = −w c2 T 00 (i. e. p = w ρ for the pressure and density
of a fluid like description). The behaviour of the function
w can be related to the observations, as described bellow,
and its value at the present is close to minus one.
Regarding the modelling of the dark matter, several
models have proposed that it should be considered as
a weakly interactive particle. However, not strong evi-
dence of such a particle has been detected in the current
projects that have been created ex professo to have a de-
tection either directly [10–13] or indirectly [14–16]. It
must be faced the possibility that dark matter had zero
interaction with the baryonic matter.
Indeed, as mentioned above, the Theory of Gen-
eral Relativity allows to describe several kinds of mat-
ter/energy, in comparison to the Newtonian case. In
this way, once there are models of one type of matter or
another, consistent with the observations, the next step
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is the determination of characteristic features generated
on the baryonic matter by each kind of matter which
could, in principle, be detected. Even supposing that
there is not interaction of the baryonic matter with the
dark components, other than gravitational, it can still be
seen that the density distribution of the different kinds of
matter/energy has a very distinctive feature which affects
the distribution of baryonic matter, and that could tell at
least what kind of matter better describes the observed
density distribution, see e.g [17] for a discussion on the
subject. As an example of the latter, in [18] was studied
how the density perturbations evolve inside a dark mat-
ter halo considering that the matter was a collection of
non-interactive particles, whose dynamics are described
by the Vlasov equation. The main result in that work was
that the final state indeed has a very distinct distribution
in the coordinate space, a double peaked Gaussian in the
density and, in the phase space, a volcano-like form in
the distribution function, features that could in princi-
ple affect the baryonic density distribution, which is an
observable quantity.
There are several considerations that must be taking
into account regarding the dark energy. It is a compo-
nent associated mainly with the cosmic acceleration [19–
21] which, as mentioned above, can be modelled with
the simple inclusion of a properly tuned Λ in the Ein-
stein’s equations, although this constant rules out the
usual Minkowski’s solution, and the asymptotic limits of
all the well established solutions to the Einstein’s equa-
tions need to be modified. It is an exciting fact that
there is a new constant of Nature, see [22] for an inter-
esting discussion on the subject, but the implications in
the equations themselves enhance the need to prove the
veracity of such model, a fact which is done proposing
more general models to describe the cosmic acceleration.
In addition to its modeling with different kinds of matter,
another way to proceed, is to propose alternative gravity
models of matter that can describe the current observed
dynamics [23–25].
Within the models proposed to describe the dark en-
ergy other than a constant term, in Einstein gravity,
those considering a scalar field can be the simplest, well
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2motivated choice from a particle physics point of view.
Nevertheless, the great challenge is to determine the ap-
propriate scalar potential V (Φ) that could explain cur-
rent cosmological observations. The main motivation for
considering quintessence models is to reduce the so-called
fine–tuning problem, issue that has been explored by the
tracker solutions. However, the predicted values on these
models for the EoS at the present epoch is not in good
agreement with supernovae results [26, 27]. Another ex-
ample is the exponential potential that focus on mod-
els and parameters which lead to inflation, nevertheless
nucleosynthesis constraints require that the energy den-
sity of the scalar field be Ωφ ≤ 0.2, i.e., it would never
dominate the Universe [28]. Another dynamical poten-
tials proposed in [29] and [30] avoid successfully the fine–
tuning and cosmic coincidence problem, but the values of
the potential parameters can not be unambiguously de-
termined in order to match the observations constraints.
The above models are made up of real scalar fields
however, complex scalar fields should be considered since
such fields (unlike the real case) have been invoked in
many different sectors of particle physics [31] (such as
the Higgs mechanism) and interestingly in the scene of
ultra cold gases; they can be used to construct static dis-
tributions as Boson stars, configurations surrounding a
black hole, so called wigs [32, 33], and they can even de-
fine static configurations with an associated angular mo-
mentum number [34, 35]. Furthermore, a real quantized
scalar field yields the same field equations as those ob-
tained by using a classical complex scalar field [36]. These
reasons motivated us to consider a dark energy model
described by a massive quintessence–complex scalar field
with attractive self interaction. Such field was formerly
studied by SuÃąrez et. al. in [37] and, in the present
work, we revisited the idea focusing in the so-called pecu-
liar branch solution of the Einstein-Klein-Gordon equa-
tions in order to obtain parameter restrictions of the po-
tential consistent with the current precision observations.
Although we are aware of the latest results regarding the
possible dynamical behavior of the EoS [9] and the im-
possibility for a single canonical field to evolve crossing
over w = −1 because of the no-go theorem [38], we are
interested in exploring in detail the properties of the pre-
viously mentioned branch and in computing best fit val-
ues of their parameters, in order to have a quantitative
description of the model and a clearer picture of what
the model needs to be consistent with such a dynamical
behavior of the dark energy.
This paper is organised as follows: in Sec. II we briefly
describe the Fridman (we use the direct transliteration
from the Russian) background considering a complex
scalar field instead of the standard cosmological constant.
In Sec. III we derive the Einstein-Klein-Gordon equations
to describe dark energy based in the fact that the scalar
potential can be proposed as an effective fluid, with the
caution of not solving the EoS, but solving Klein- Gor-
don first, and with the field, and its derivative, compute
the density and the scalar pressure, and then, compute
the corresponding w. We consider the fast oscillation
regime, where the pulsation ω = dθ/dt of the scalar
field is assumed to be faster than the Hubble expansion.
In Sec. III C a generic EoS with a complex scalar field
mimicking the dark energy term is presented. This EoS
is obtained for a peculiar branch in the fast oscillation
regime. We denote the model such as the one presented
in this manuscript as Complex Scalar Field Dark Energy
(CSFDE). A description of the current late-time obser-
vations are given in Sec. IV. These samplers will be em-
ployed to constrain the only free cosmological parameter
that goes into the expression for the EoS of our CSFDE
model. Also, we will discuss the cosmological constraints
obtained. Finally, our conclusions are given in Sec. V.
II. COMPLEX SCALAR FIELD IN AN
HOMOGENEOUS BACKGROUND
In this section we derive first the evolution equations
for a homogeneous and flat universe filled with radiation,
baryonic and dark matter components and an effective
density described by a complex scalar field, which will
mimic the dark energy component. In the second part,
we introduce the complex scalar field to obtain the cor-
responding Klein-Gordon equation.
A. Fridman equations
First, let us consider an homogeneous isotropic Uni-
verse, described by the Fridman-Lemâitre metric
ds2 = −c2dt2 + a2(t)
[
dr2
1−Kr2 + r
2(dθ2 + sin2 θdϕ2)
]
,
(1)
where a(t) is the scale factor and K the curvature scalar.
From this point forward we consider spatial flatness.
As it is standard, we can derive the Fridman equation
and the energy conservation equation by introducing the
above metric in the Einstein’s equations. Before con-
tinue with this straightforward calculation, let us es-
tablish our pivot model: the paradigmatic cosmological
model, ΛCDM, which considers a total density of the
Universe ρT = ρr + ρb + ρcdm + ρDE, normalised by the
critical density given by ρcrit = 3H20/8piG, where H0 is
the Hubble parameter at present time and G is the grav-
itational constant. According to this, we can derive the
constriction equation from the Friedman evolution as(
H
H0
)2
= Ωm + ΩΛ, (2)
with
Ωm =
Ωr,0
a4
+
Ωb,0
a3
+
Ωcdm,0
a3
, (3)
where Ωi = ρi/ρcrit (i = cdm, b, r), represents the den-
sity parameter and the symbols cdm, b, r correspond to
3cold dark matter (CDM), baryonic matter and radiation,
respectively.
According to Planck 2018 [39], the statistical values
for the densities described above are: Ωcdmh2 = 0.120±
0.001, Ωbh2 = 0.0224 ± 0.0001, ΩΛ = 0.674 ± 0.013 and
Ωm = 0.315± 0.007. Currently, this model has proved to
be consistent with several observations, however, it has
problems in regards to the tension on the value of some
parameters like those of σ8 and H0 [40].
As indicated in the introduction, it is interesting to ex-
plore dynamic EoS since they alleviate tensions between
certain cosmological parameters. Classical scalar fields
are simple models for introducing time-dependent equa-
tions of state. In particular, the case of a scalar field mini-
mally coupled to gravity, with a positive canonical kinetic
term, is called quintessence [26, 41]. Extensions to this
model have been widely considered, for example some by
including non-canonical scalar fields or negative signed
kinetic terms. However in this work, we take an example
from a simpler case, which considers a rapidly oscillating
minimally coupled complex scalar field [31, 37, 42].
B. The Klein-Gordon equation
We use the evolution described as a starting point,
and introduce a complex scalar field in order to model
dark energy. Our proposal is based in the fact that the
scalar potential V (|Φ|2), has a quartic-form with a nega-
tive scattering length as
V (|Φ|2) = m
2c2
2~2
|Φ|2 − 2piAsm
~2
|Φ|4 , (4)
wherem is the complex scalar field mass, As the absolute
value of the scattering length and ~ the reduced Planck
constant. This scalar potential describes, for instance,
a relativistic Bose-Einstein condensate at zero tempera-
ture with attractive self-interaction [43, 44], and it is also
similar to the Higgs potential of particle physics but with
an overall opposite sign.
The evolution of this complex scalar field in the cos-
mological scenario described above is given by the Klein-
Gordon equation
1
c2
d2Φ
dt2
+
3H
c2
dΦ
dt
+ 2
dV
d|Φ|2 Φ = 0, (5)
from where we can express the complex scalar field as
Φ = |Φ|eiθ. (6)
In our proposal, we are going to follow the procedure
given in [37]. Using (6) in (5), the Klein-Gordon equation
can be divided into a real and an imaginary part, from
which the second leads to the equation:
Q = − 1
~c2
a3|Φ|2 dθ
dt
, (7)
where Q a is constant1 and a the scale factor.
From the real part we obtain
1
c2
[
d2|Φ|
dt2
−|Φ|
(
dθ
dt
)2]
+
3H
c2
d|Φ|
dt
+2
dV
d|Φ|2 |Φ| = 0. (8)
To compute the energy density and pressure of the
complex scalar field, we consider the following expres-
sions:
 =
1
2c2
∣∣∣∣dΦdt
∣∣∣∣2 + V (|Φ|2), (9)
P =
1
2c2
∣∣∣∣dΦdt
∣∣∣∣2 − V (|Φ|2). (10)
Notice how we can connect these equations to the ones
presented in Sec.II A where the quantity  will replace
the ΛCDM quantity ρcritΩΛ in the Fridman equation.
From the equations (5), (9) and (10) we can obtain a
useful equation for the energy density that resembles the
continuity equation for a perfect fluid
d
da
+
3
a
(+ P ) = 0. (11)
With these equations, now we are ready to study par-
ticular solutions of the Einstein-Klein-Gordon system
evolving with a complex scalar field mimicking the dark
energy component.
III. DARK ENERGY SOLUTION IN THE FAST
OSCILLATION REGIME
In [37] was found that in the fast-oscillation regime,
i.e., when the oscillation frequency of the scalar field is
much larger than the value of the Hubble function, the
solution of the Einstein-Klein-Gordon equations for the
case of a complex scalar field with a potential of attractive
self interaction (4) splits into two. One solution (called
normal branch) resembles to a dark matter scalar field,
while the other solution (called peculiar branch) corre-
sponds to a quintessence model. This solution remains
in the fast oscillation regime, in which the scalar field sud-
denly emerges and behaves as dark energy at late times.
Following the same logic, in this work we propose a
deduction of an exact solution for the equation of state
of the quintessence field. Once with this equation, we
explore their possible constraints by using current obser-
vational data.
1 After integration, the imaginary part of the Klein-Gordon equa-
tion leads to a conserved quantity, which correspond to the
conserved charge of a complex scalar field, given by Q =
1
c2~
∫
dx3
√−g Im(Φ∂tΦ∗).
4A. Peculiar branch solution in the fast oscillation
approximation
To establish the fast oscillation regime mentioned
above, we consider the following condition which needs
to be satisfied during its evolution
ω =
dθ
dt
 H. (12)
In addition to the latter condition, we will impose that
the magnitude of the scalar field change slowly on time
respect to the angular frequency of oscillation ω as:
1
|Φ|
d|Φ|
dt
 ω. (13)
Conditions (12)-(13) set the so-called fast oscillation
regime of the Klein-Gordon equation (5). Following this
prescription, (8) can be reduce to
ω2 = 2c2
dV
d|Φ|2 . (14)
This allows us to write the fast oscillation condition in
terms of the charge Q defined in (7), which becomes
Q2~2c4
a6|Φ|4 = 2c
2 dV
d|Φ|2 . (15)
Using the expression for the scalar field potential (4),
we can approximate (9) using the fast oscillation condi-
tion (14) as
 =
1
2c2
[(
d|Φ|
dt
)2
+ ω2|Φ|2
]
+
m2c2
2~2
|Φ|2 − 2piAsm
~2
|Φ|4
≈ m
2c2
~2
|Φ|2 − 6piAsm
~2
|Φ|4 , (16)
By a similar approach, the scalar pressure from (11) can
take the approximate form
P ≈ −2piAsm
~2
|Φ|4 . (17)
Solving (16) for |Φ|2, we obtain two possible branches
that correspond to solutions of the Einstein-Klein-
Gordon system in the fast oscillation approximation
|Φ|2 = c
2m
12piAs
(
1±
√
1− 24piAs~
2
m3c4

)
. (18)
Notice that this is a different result in comparison to
the repulsive self-interaction case [45], where there was
only one branch of the solution. Furthermore, in [37]
was showed that, when we take the negative sign, the
scalar field undergoes to a matter-like phase (and even
to an inflation epoch). While for the positive branch, the
solution behaves as dark energy. From this point forward
we will take the positive sign, to focus on that particular
branch.
Therefore, by using (18) in (17) we obtain
P () = − m
3c4
72piAs~2
(
1 +
√
1− 24piAs~
2
m3c4

)2
. (19)
Physical solutions of this latter equation correspond to
those values of  smaller than a certain i:
i =
m3c4
24piAs~2
. (20)
From the two latter expressions, notice that P (i) =
− m3c472piAs~2 , implies that wi =
P (i)
i
= −1/3.
The scale factor for which the energy density takes
the value i can be calculated by inserting the value of
|Φ|2 evaluated in i, and taking the result on the fast
oscillation condition (15):
ai =
3
√
12
√
3piAs~2|Q|
m2c2
. (21)
For convenience, we re-define a dimensionless quantity in
terms of the differential equation for the energy density
as
¯ =

i
, (22)
therefore (11) can be written as
d¯
da
= −3
a
[
¯− 1
3
(
1 +
√
1− ¯
)2]
. (23)
Evaluating in  = i, we can see that d¯/da, takes a
negative value of − 2ai , therefore for a < ai the solution
is not valid. Furthermore, at a → ∞,  approaches to a
constant value.
Now, taking the fast oscillation equation (15) and in-
serting |Φ|2 from (18) we obtain
(
ai
a
)6
= 3
(
1 +
√
1− ¯
)2
− 2
(
1 +
√
1− ¯
)3
. (24)
In order to find the asymptotic value of , when a →
∞, we should consider the fast oscillation equation (15),
which for potential (4) takes the form
Q~c2
a3
=
√
2c|Φ|2
√
m2c2
2~2
− 4piAsm
~2
|Φ|2. (25)
5Since  decreases with a, then |Φ|2 increases as a → ∞
as we can notice from (18), therefore the term inside the
square root in (25) should vanish as a → ∞, leading to
an asymptotic value of
|ΦΛ|2 = mc
2
8piAs
. (26)
Using (16) and (19) we can obtain
Λ =
m3c4
32piAs~2
=
3
4
i (27)
P (Λ) = −Λ. (28)
Notice how in the limit a → ∞, the scalar field has an
EoS that corresponds to wΛ = −1.
B. Exact solution for the dark energy term-like
In order to obtain an expression for  in terms of the
scale factor, we have to solve the equation (24). This can
be obtained making the change of variable
ζ =
√
1− ¯+ 1
2
. (29)
The latter leads to an expression in terms of a cubic
equation
ζ3 − 3
4
ζ +
1
2
(
a6i
a6
− 1
2
)
= 0, (30)
which has three real solutions. However, it must satisfy
the conditions ζ(ai) = 12 and ζ(a → ∞) = 1. The only
solution that satisfy this condition is
ζ(a) = cos
1
3
arccos
(
1− 2a
6
i
a6
) , (31)
in terms of this function ζ(a), the energy density and the
EoS parameter are given by the following expressions
(a) =
[
1−
(
ζ(a)− 1
2
)2]
i, (32)
w(a) = −
(
ζ(a) + 12
)2
3− 3 (ζ(a)− 12)2 . (33)
These solutions must have be taken into account only
in certain region ai < a < ae of the evolution of the
Universe and, from now on, a will only be referred to
this range. First, we must make sure that the solution at
ai satisfy the fast oscillation approximation described in
the latter section.
Under these ideas, the fast oscillation condition ω  H
is given by
Q2~2c4
a6|Φ|4 
8piG
3c2
(ρm + ). (34)
By performing the substitution of |Φ|2, re-writing it in
terms of ¯ and, finally, taking  ρm, we can obtain
(
ai
a
)2
 mG
3c2As
¯(1 +
√
1− ¯)2. (35)
This condition will be satisfied initially if
3c2As
mG
 1. (36)
In order to compute the value ae > ai in where the
solution is no longer valid, we will consider the end of
the fast oscillation regime when ω = NH (with N =
200 analogous to [45]). If ae  1 and also ae  ai, in
order to be able to make the approximations  ρm and
ai/ae  1 in (35), then the end value of the scale factor
will be
ae ≈ 6
√
768
N2 pi
2A3s~4Q2
Gm5c2
. (37)
In Fig. 1 we show the evolution of the equation of
state parameter w between the values for the scale factor
ai and ae, determined by certain values of m, As and
Q. In this example we take2 ai to be the value amin =
0.1 < 1/(1 + zmax) where zmax = 2.3 corresponds to the
maximum redshift used in the multiple data sets within
the analysis described in the next section. In this way,
we ensure that the scalar field is present throughout the
a range of the analysis. We have restricted this example
to the case where ae = 1, thus ensuring that the limit of
rapid oscillations and therefore the cosmological constant
type behaviour continues to be valid today.
To give intuition about what is happening in the com-
plete cosmological model where dark energy is described
by the previous scalar field solution, we present in Fig.
2 the energy density fractions of the quintessence model
with the same values ai and ae as in Fig. 1, additionally,
for our example we have chosen the initial scalar field en-
ergy density to be i ≡ 43Λ = 34ρcritΩΛ. In other words,
2 This particular election of ai and ae in our example reduces the
dimension of the free parameter space from 3 to 2, thus we can
put Q and As in terms of m: Q =
4a9minmc
4
27
√
3piNG~4 , As =
9N2G~2m
16a6minc
2 .
6FIG. 1: Evolution of the w Eq.(32) as a function of the scale
factor, a in the quintessence model.
FIG. 2: Evolution of the Ωi as a function of the scale factor,
a in the quintessence model.
we have chosen that the asymptotic value for the energy
density of the scalar field coincides with the current en-
ergy density for Λ in the pivot model. Interestingly, it
turns out that this condition on the example, fixes the
three free parameters of our model, leading to a mass
m ∼ 10−22eV/c2, frequently used in the ultralight mod-
els of dark matter [46–48]. This figure is almost indistin-
guishable from the corresponding figure for the ΛCDM
model, this is because the discontinuity for  appears in
an epoch where the contribution to the total energy den-
sity of the scalar field is relatively small and also because
 quickly tends to the Λ value, as can be inferred from
Fig. 1 and equation (32).
C. Parametric Equation of State in the late cosmic
acceleration approximation
Let us write explicitly (33) as an effective dark energy
EoS described by a complex scalar field with a Bose-
Einstein condensate-like potential. By using the stan-
dard definition a = 1/(1 + z) and expand the function ζ
in (31) with the assumption a ai we obtain:
w(z) = w0 + wa(1 + z)
6, (38)
where w0 = −1 and wa = 1627ai6. Notice that this generic
expression for the EoS impose directly on w0 the cosmo-
logical constant value, while on wa we must give values
of ai consistent with the following redshift range:
z ∈
[
0,
16
27
(1 + zmax)
−6
]
≈ [0, 0.0004588]. (39)
We should remark that (38) is not obtained as in the
traditional derivation of the solution of the conservation
equation, where an effective dark energy fluid needs
to be consider and certain values over w denote the
different matter in the universe. Also, the addition of a
Λ is avoided, since from this methodology we got w = −1.
IV. OBSERVATIONAL CONSTRAINTS
In this section, we analize to what extend our model
(38) is consistent, to some degree, with late and early
time observations if we relax the w0 parameter. To per-
form the statistical analyses of (38) and to understand
current constraints in our model, we need to choose spe-
cific late-time data sets as SNeIa (Pantheon), Observa-
tional Hubble data (OHD) and Baryon Accoustic Oscil-
lations (BAO), together with Planck 2018 (PL18) likeli-
hood.
Each observational data has the following features:
• Pantheon SNeIa compilation: componed by 1048
SNeIa in a range z ∈ [0.01, 2.3] [49]. This kind of
sampler characterised by Type Ia supernovae can
give us determinations of the distance modulus µ,
whose theoretical prediction is related to the lumi-
nosity distance dL as
µ(z) = 5 ln
[
dL(z)
1Mpc
]
+ 25 , (40)
where the luminosity distance is given in Mpc units.
In the standard statistical analyses, one adds to
the distance modulus the nuisance parameter M ,
an unknown offset sum of the supernovae absolute
magnitude and other possible systematics, which is
degenerate with the value of H0. As we are assum-
ing spatial flatness, the luminosity distance can be
given by the comoving distance D as
dL(z) =
c
H0
(1 + z)D(z) . (41)
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FIG. 3: The 68% confidence level (C.L.), 95% CL. and 99.7% regions inferring from (38).
where c is the speed of light. Also, for this sam-
pler we are taking the nuisance parameter M in-
side the sample, for this we choose the respec-
tive values of M from a statistical analysis of the
ΛCDM model with a fixing H0 from the Late
Universe measurements (SH0ES + H0LiCOW) as
H0 = 73.8± 1.1km/s/Mpc with M = −32.79.
• Planck Legacy 2018 (PL18): we adopt the low-l
and high-l likelihoods from [39].
• BAO measurements: we consider the sampler of
15 transversal measurements obtained in a quasi
model-independent approach. This can be done
by compute the 2-point angular correlation func-
tion tracers via DA(z; rdrag) [50]. The sampler is
given in a redshift range [0.11, 2.225]. These kind
of observations contribute important features by
comparing the data of the sound horizon today
to the sound horizon at the time of recombina-
tion (extracted from the CMB anisotropy data).
The BAO distances are given by dz ≡ rs(zd)DV (z) ,
with rs(zd) = cH0
∫∞
zd
cs(z)
E(z) dz and rs(zd) being the
comoving sound horizon at the baryon dragging
epoch, c the light velocity, zd is the drag epoch red-
shift and c2s = c2/3[1 + (3Ωb0/4Ωγ0)(1 + z)−1] the
sound speed with Ωb0 and Ωγ0 the present values
of baryon and photon density parameters, respec-
tively. The dilation scale is given by
DV (z,Ωm; Θ) =
[
c z(1 + z)2D2A
H(z,Ωm; Θ)
]1/3
, (42)
where DA is the angular diameter distance
DA(z,Ωm; Θ) =
1
1 + z
∫ z
0
cdz˜
H(z˜,Ωm; Θ)
, (43)
where Θ = {w0, wa}. Through the comoving sound
horizon, the distance ratio dz is related to the ex-
pansion parameter h (defined such that H .= 100h)
and the physical densities Ωm and Ωb. Here we use
BAO data to connect SNeIa (Pantheon) to CMB
data (PL18). This is possible by calibrating the
DA from BAO with the dL from supernovae in a
cosmology-independent way.
• Observational Hubble data (OHD): we consider a
sample of 51 measurements in the redshift range
0.07 < z < 2.0 [51]. This sample gives a mea-
surement of the expansion rate without relying on
the nature of the metric between the chronome-
ter and us as observers. The normalised parameter
h(z) can be compute by considering the values by
Planck 2018 and SH0ES + H0LiCOW given above.
In this sample are content 31 data points from pas-
sive galaxies and 20 data points are estimated from
8Parameters Mean with errors Best fit
100 ωb 2.223
+0.025
−0.026 2.225
ωcdm 0.119
+0.0023
−0.0024 0.1183
w0 −1.034± 0.18 −1.002
wa −0.173± 0.022 −0.5468
Ωm 0.288± 0.03 0.3093
τ 0.057+0.008−0.009 0.055
ns 0.976
+0.004
−0.004 0.977
σ8 0.810
+0.008
−0.008 0.804
TABLE I: Background best fits values for Eq.(38). For
OHD+BAO+Planck 2018+Pantheon
BAO data under a ΛCDM prior. However, BAO
OHD data points can be computed by using the rs
at the drag epoch from PL18.
Using the data samplers described above, we can com-
pute the best fit values for each cosmological parameter
using the standard χ2-method as: χ2Total = χ
2
Planck +
χ2SN +χ
2
BAO +χ
2
OHD. In Table I, we report the mean and
best fits for the cosmological parameters and the model
parameters, w0 and wa, for the following join sampler
Planck 2018, CC+BAO+Planck 2018+Pantheon.
V. CONCLUSIONS
Complex scalar field theory has been used from a
Bose-Einstein condensate point of view. In this line of
thought, it is possible to construct quintessence–complex
scalar field scenarios, which can mimic dark energy ef-
fects. Therefore, in this work we proposed, inside this
later scenario, a study of the peculiar branch solution
of the Einstein-Klein-Gordon equations in the fast oscil-
lation regime, where the scalar field is modelled as an
effective dark fluid. As it is standard, from these field
equations it is possible to derive an effective equation of
state (38), a model we called CSFDE. In this panorama,
the cosmological parameters related with the model can
be constrained using current observational surveys in or-
der to study epochs where the dark energy (at z = 0)
and dark matter (z ≈ 9) domination occurs.
We can conclude that this observational approach dis-
card the theoretical model since the best fit value for wa
is negative as we can see on Table I. According to the
Eq. (21), this would imply that a3i is negative, which is
only possible for |Q| or As (both positive definite quan-
tities) negative. Consistency between the analysis per-
formed and the theoretical model in the late cosmic ac-
celeration approximation is given by the fact that the
value w0 reported in Table I is close to −1.
Furthermore, we can see that the CSFDE model can-
not reproduce an oscillating behaviour associated with a
dynamical dark energy. This can be consider as a natural
derivation from the field equations, and by consequence
from the action with a scalar field. Our result point out
the necessity of more than one canonical scalar field to
reproduce the transition dynamics between viable cosmo-
logical epochs, i.e. a radiation/matter/etc. domination
era. Further investigation could require combinations of
scalar fields like quintom scenarios or changes in the ki-
netic term. Also exact solutions for other scalar poten-
tials in the fast oscillation regime could lead to models
favored by Bayesian analyzes.
Based in these affirmations, it is possible to consider
our method as a classification mechanism to discard
equations of state within the scalar field description.
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